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Abstract 

What does it mean to say that space expands? One approach to this question is the 
study of relative velocities. In this context, a non local test particle is "superluminal" 
if its relative velocity exceeds the local speed of light of the observer. The existence of 
superluminal relative velocities of receding test particles, in a particular cosmological 
model, suggests itself as a possible criterion for expansion of space in that model. In 
this point of view, superluminal velocities of distant receding galaxy clusters result from 
the expansion of space between the observer and the clusters. However, there is a fun- 
damental ambiguity that must be resolved before this approach can be meaningful. The 
notion of relative velocity of a nonlocal object depends on the choice of coordinates, and 
this ambiguity suggests the need for coordinate independent definitions. In this work, 
we review four (inequivalcnt) geometrically defined and universal notions of relative ve- 
locity: Fermi, kinematic, astrometrie, and spectroscopic relative velocities. We apply 
this formalism to test particles undergoing radial motion relative to comoving observers 
in expanding Robertson- Walker cosmologies, and include previously unpublished results 
on Fermi coordinates for a class of inflationary cosmologies. We compare relative ve- 
locities to each other, and show how pairs of them determine geometric properties of 
the spacetime, including the scale factor with sufficient data. Necessary and sufficient 
conditions are given for the existence of superluminal recessional Fermi speeds in general 
Robertson- Walker cosmologies. We conclude with a discussion of expansion of space. 

Keywords: Robertson- Walker cosmology, relative velocity, Fermi coordinates, optical coordinates, 
Hubble flow, expansion of space 
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1 Introduction 



General relativity restricts the speed of a test particle to be less than the speed of light 
relative to an observer at the exact spacetime point of the test particle, but for test particles 
and observers located at different space-time points, the theory provides no a priori definition 
of relative velocity. Different coordinate charts give rise to different relative velocities. 

This is perhaps most convincingly illustrated by the Milne universe, characterized by 
scale factor ait) = t, where t is cosmological time (for the metric see ([!]) below, with fc = 0). 
According to Hubble's law, whose formulation uses standard curvature coordinates, 

d{t) =vh = Hd, 

where H = a{t)/a{t) is the Hubble parameter, d is the proper distance at fixed time t from 
the observer to a comoving test particle, and the overdot signifies differentiation with respect 
to t. For the Milne universe, H = 1/t > 0, and thus at any time t and at sufficiently large 
proper distance d, the relative speed, vh, of the test particle necessarily exceeds the local 
speed of light for the observer. However, with a simple change of coordinates, t = tcoshx 
and p = tsinhx, the metric ([l]) is transformed to the Minkowski metric, and the Milne 
universe becomes the forward light cone of Minkowski spacetime. In these coordinates there 
are no superluminal speeds. 

The ambiguity illustrated by this example has analogs in all spacetimes, and this feature 
led to consideration of the need for a strict definition of "radial velocity" within the solar 
system at the General Assembly of the International Astronomical Union (lAU) , held in 2000 
(see [DH]). 

Thereafter, a series of papers [3J|11[S] appeared addressing the general question of relative 
velocities and culminated in the introduction of four geometrically defined (but inequivalent) 
notions of relative velocity: Fermi, kinematic, astrometric, and the spectroscopic relative 
velocities. All four relative velocities have physical justifications and have been used to study 
properties of spacetimes (see [HI [Hill )• 

Two distinct notions of simultaneity play roles in the four definitions of relative veloci- 
ties: "spacelike simultaneity" (also described as "Fermi simultaneity", see [S]) and "lightlike 
simultaneity." The Fermi and kinematic relative velocities are defined in terms of spacelike 
simultaneity, according to which events are simultaneous if they lie on the same Fermi space 
slice determined by a fixed Fermi time coordinate. For a test particle undergoing radial 
motion, the Fermi relative velocity, fpermi is the rate of change of proper distance of the test 
particle away from the central observer along the Fermi space slice with respect to proper 
time of the observer. The kinematic relative velocity is found by first parallel transporting 
the 4- velocity u' of the test particle at the spacetime point qs, along a radial spacelike geodesic 
(lying on a Fermi space slice) to a 4-velocity denoted by Tq^pu' in the tangent space of the 
observer at spacetime point p, whose 4-velocity is u. The kinematic relative velocity tikin 
is then the unique vector orthogonal to u, in the tangent space of the observer, satisfying 
'Tqsp'^' = k{u + fkin) for somc scalar k (which is easily shown to be uniquely determined). 

The spectroscopic (or barycentric) and astrometric relative velocities can be found, in 
principle, from spectroscopic and astronomical observations. Mathematically, both rely on 
the notion of "lightlike simultaneity" , according to which two events are simultaneous if 
they both lie past-pointing horismos (which is tangent to the backward light cone) at the 
spacetime point p of the central observer. The spectroscopic relative velocity Wspoc is calcu- 
lated analogously to Wkin, described in the preceding paragraph, except that the 4-velocity 
u' of the test particle is parallel transported to the tangent space of the observer along a 
null geodesic lying on the past-pointing horismos of the observer, instead of along the Fermi 
space slice. The astrometric relative velocity, Wast, of a test particle whose motion is purely 
radial is calculated analogously to UFormi, as the rate of change of the affine distance, which 
corresponds to the observed proper distance (through light signals at the time of observation) 
with respect to the proper time of the observer, as may be done via parallax measurements. 
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We describe this more precisely in the sequel, and complete definitions for arbitrary (not 
necessarily radial) motion may be found in (Sj. 

In this work, we review and explain these four notions of relative velocities in the context 
of test particles receding radially from comoving observers in Robertson- Walker cosmologies. 
This particular scenario lends itself to a consideration of a possible meaning for the expansion 
of space. The existence of a superluminal relative velocity of receding test particles, in a 
particular cosmological model, is a possible criterion for expansion of space in that modeQ 
In this framework, superluminal velocities of distant receding galaxy clusters, in the actual 
universe, are the result of the expansion of space between the observer and the clusters. 

Let us make precise the concept "superluminal". Let v{q) be a relative velocity of a 
test particle at an event q with respect to an observer at an event p, and let c(g) be the 
corresponding relative velocity of a photon at the same event q (note that any well-posed 
concept of relative velocity can be extended to photons) with the same spatial direction as 
the particle and with respect to the same observer at p. Then ||u((?)|| < ||c(<z)|| always, but 
[[^(g)!! can exceed the local speed of light at p, which we take as c = 1 throughout the 
paper. In this case, we say that the particle is "superluminal" , but that does not mean 
that it travels faster than light. In the particular case of the relative velocities introduced 
above, ||c(g)|| is always 1 for the kinematic and spectroscopic velocities, and so, there do not 
exist superluminal spectroscopic or kinematic velocities. On the other hand, the Fermi and 
astrometric relative velocities of a photon can be less than 1, equal to 1, or greater than 1, 
allowing for the possibility superluminal velocities. 

Much of the material we present here is based on references [7] and [TU]. Exact Fermi 
coordinates were found in [7] for expanding Robertson- Walker spacetimes and Fermi charts 
were shown to be global for non inflationary scale factor^ These coordinates were then 
used to calculate the (finite) diameter of the Fermi space slice, as a function of the ob- 
server's proper time, and Fermi velocities of (receding) comoving test particles. Reference 
[TD] extended the results of [7j by finding general formulas for all four relative velocities for 
test particles undergoing arbitrary radial motion in expanding Robertson- Walker spacetimes, 
finding relationships among these relative velocities, and showing that their ratios determine 
geometric properties of the spacetime. Those results were illustrated in the de Sitter uni- 
verse, the radiation-dominated universe, the matter-dominated universe, and more generally, 
for cosmologies for which the scale factor, a{t) = for < a < 1. 

Previously unpublished results [11] are also included in Section [s] of this work, which pro- 
vides a proof that Fermi coordinates extend to the cosmological event horizon in inflationary 
cosmologies with scale factors of the form a{t) — t" for a > 1. This allows for interest- 
ing comparisons between inflationary and non inflationary expanding cosmologies, which we 
discuss in the final section. 

2 The Robertson- Walker metric 

The Robertson- Walker metric in curvature-normalized coordinates (or Robertson- Walker co- 
ordinates) is given by the line element 

ds^ = -dt' + (t) (dx' + Si ix) dn') , (1) 

where dQ ~ dO + sin^ 9d(p, a{t) is a positive and increasing scale factor, with t > 0, and 
Sk (x) = sin (x) if fc = 1, X if = 0, or sinh (x) if fc = — 1. There is a coordinate singularity 
in ([T]) at X = 0, but this will not affect the calculations that follow. Since our purpose is to 
study radial motion with respect to a central observer, it suffices to consider the 2-dimensional 

*One must, of course, take into account an ambiguity. Different space slices are associated with different 
coordinate systems. 

tA scale factor a(t) is non inflationary if d{t) < for all t. 
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Robertson- Walker metric given by 

ds^ ^-Af + a^{t)dx^, (2) 

for which there is no singularity at x = 0. We assume throughout that a{t) is a smooth, 
increasing function of i > 0. 

3 Notation 

We denote a central observer located at x = by the world line, /3(t) — (t, 0), and a test 
particle by /3' (r') = (r') , x (r')). Each spacetime path is parameterized by its own proper 
time, and we will always assume that x > for the latter. We have to remark that in the case 
k — 1, the coordinate x is upper bounded by tt; thus, for simplicity, we assume throughout 
that fc = — 1 or 0, but our methods also work for the case /c = 1 by restricting x to ]0, 7r[. 

Our aim is to study the relative velocities of /?' with respect to, and observed by, /3. Denote 
the 4- velocity of /3 by ?7 and identify U — — {1,0). Similarly, denote the 4- velocity of j3' 
by U' = i-^ + Xg^ = (t,x), where the overdot indicates differentiation with respect to t', 
the proper time of (3' . From g{U' , U') = —1, we find, 

i = ^amW+l- (3) 

Vector fields will be represented by upper case letters, and vectors (in the tangent space at 
a single spacetime point) by lower case letters. Following this notation, the 4- velocity of /3 at a 
fixed event p = (r, 0) will be denoted by u = (1, 0). The Fermi, kinematic, spectroscopic, and 
astrometric relative velocity vector fields (to be defined below) are denoted respectively as 
Vkin, l^^crmi, V^poc and Vast- Wc shall scc that they are vector fields defined on the spacetime 
path, (3, i.e., the central observer. By definition, all of these relative velocities are spacelike 
and orthogonal to U, so that they are each proportional to the unit vector field S :— ',^t)'^^ 

It is possible to compare the four relative velocities for a given test particle. Direct com- 
parisons may be made of the Fermi and kinematic relative velocities, because of the common 
dependence of these two notions of relative velocity on spacelike simultaneity. Similarly, 
direct comparisons of the astrometric and spectroscopic relative velocities are also possible. 
However, a comparison of all four relative velocities made at a particular instant by the 
central observer /? is possible only with data from two different spacetime events {qs and qi 
in Figure [T]) of the test particle. Such a comparison, to which we refer as an instant com- 
parison, therefore lacks physical significance, unless the evolution of the test particle /3' can 
be deduced from its 4-velocity at one spacetime point, e.g. for comoving or, more generally, 
geodesic test particles. 

It will also be possible to compare all four relative velocities at a fixed spacetime event 
qi of the test particle through observations from two different times of the central observer, 
identified as r and t* in Figure [l] In the sequel, we refer to such a comparison of the relative 
velocities as a retarded comparison. 

In all that follows, we use the following notation for vectors at a given spacetime point 
p = (r, 0) and a spacetime point p* = (r*, 0) in the past of p (see Figure [T|: iikin = Vkin p, 

^Fermi — Vpcrmi p: ^kin ~ Mcin p* 5 ^Fcrmi ~ Vpcrmi p* 7 ^spcc — ^pec p and ^^ast — ^st p- So, in 

an instant comparison we compare Wkin, ^^Fcrmi, I'spcc, and Vast, while in a retarded comparison 
we compare v^^^^-, Vspec, and Wast- 

■tThis should not to be confused with the relative position vector field S used in [5]; in fact, S is the 
normalized version of S. 
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Figure 1: Scheme of the elements involved in the study of the relative velocities of a test 
particle /?' with respect to the central observer /3. The curves ij} and ij}* are spacelike geodesies 
orthogonal to the 4-velocity of /?, and A is a lightlike geodesic. 



4 Spacelike simultaneity and Fermi coordinates 

Let p = (r, 0) be an event of the central observer /3 with 4-velocity u. An event q is spacelike 
(or Fermi) simultaneous with p if g(eyi\)~^ <},u) = O^l The Fermi space slice Mr consists of 
all the events that are spacelike simultaneous with 

More explicitly, let p denote proper length along a spacelike geodesic orthogonal to /3. 
Then, the vector field, 

a_ ^ rfi ^ dx± ^ _ If^y _.d_ a{Tld_ 

■ dp dp dt dpdx V V «(^) / «^(^) 

is geodesic, spacelike, unit, and Xp is orthogonal to the 4-velocity u — (1,0) at p; i.e., Xp 
is tangent to A^,-- Let qs — {ts,Xs) be the unique event of (3' O Air- Then there exists an 
integral curve of X from p to qs (the geodesic -0 in Figure [T]), and so, using Q we can find 
a relationship between r, and Xs- 

4^ , dt= Tdx ^ r^^ , ' ^dt=xs. (5) 

From ([5]) we see that tg < r, and more generally, it follows from Q that the time coordinate 
t is a decreasing function of proper length p along any spacelike geodesic orthogonal to the 
central observer's worldline. Moreover, since we only consider positive coordinate times, we 
have to impose ts > and then it is necessary that < Xs < Xsmax, where 

' , dt. (6) 

ait) ^a^T)-a^t) 

The metric ([I]) may be expressed in the Fermi coordinates of the central observer /? (or 
Fermi observer in this context). By design of Fermi coordinates, r = t on the path f3(t) of 
the Fermi observer (where p = 0) , but the two time coordinates differ away from that path. 
For expanding Robert son- Walker spacetimes, it was shown in [7] that Fermi coordinates 
are global when the spacetime is non inflationary, and we show in Section [8] that Fermi 
coordinates extend to the cosmological event horizon when the scale factor takes the form 
a{t) = r for a > 1. 



§The exponential map, expj, v, denotes the evaluation at affine parameter 1 of the geodesic starting at the 
point p, with initial derivative v. 

^See [7]; A^T is also called the Landau submanifold and denoted by Lp^u in [3]. 
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In any case, for two spacetime dimensions, it may be shown that the metric ([2]) expressed 
in Fermi coordinates (r, p) takes the form, 

ds^ =grr{r,p)dT^ + dp\ (7) 

General formulas for grr are provided in [7l [10] , but we include in Section [5] a self-contained 
description of grr in terms of the Fermi and kinematic relative velocities of test particles, 
relative to the central observer. 

Setting ds^ = in Q , shows that the velocity of a distant radial photon with spacetime 
coordinates {t,p), relative to the Fermi observer /?, is given by \dp/dT\ = .grr (t, p). 
Thus, the metric ([t]) may be understood as a natural generalization of the Minkowski metric 
when the speed of a photon depends on its spacetime coordinates, and may expressed as 
ds^ — — c(t, /9)^dT^ + dp^ where c(t, p) is the Fermi speed of a photon at the spacetime point 
(t, p) relative to the Fermi observer located at (t, 0). 



5 Fermi and kinematic relative velocities 

Based on the previous section, we may write the 4- velocity of the radially moving test particle, 
/?', using Fermi coordinates as, ui. = t-^\ + p^ = {t,p), where the overdot signifies 

differentiation with respect to proper time of f3'. 

Let p = (t, 0) be an event of f3 from which we measure relative velocities. The Fermi 
relative velocity of ui, with respect to u = (1,0) is given by, 

_dp„_p„ 

WFermi — 3~'-'p — T'^py {°) 
(IT T 

where Sp = d/dp\p. For computing WFcrmi, observe first from Q, that, 

p = p{U, xs) = / \ = dt, (9) 

where the function T{ts,Xs) is defined implicitly by ([5|. Then, applying (|9| in ([s]) we have, 

dp f I dp V- 

WFcrmi — .Op - g^. Op. 

In order to define kinematic relative velocity, we need some additional notation. Let Tq^p 
represent the parallel transport from Qs to p by the unique geodesic joining Qs and p, named 
ijj in Figure [T] Following the description provided in the introduction, the kinematic relative 
velocity Ukin of u' with respect to the central observer's four- velocity u is given by (see [S]), 

fkin = , ^ , rTq.pU' - U. (10) 

It is a general property of the kinematic relative velocity, that its magnitude, ||wkin|| < 1- 
Using the relations g {Tq^pu'^,d / dp\p) = g {u'^,d/dp\qj and g {Tq^pu'^,Tq^pu'J = -1, , we can 
find Tq^pu'g, and then obtain the kinematic relative velocity of u'^ with respect to u as, 

l^kin = y \ , ^Sp. (11) 



Comparing (|8| and ( 11 1, we see that the kinematic and Fermi relative velocities of an arbitrary 
test particle at the spacetime point (r, p) determine grr (t, p). We state this in the form of a 
proposition: 
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Proposition 5.1 For a Robertson-Walker spacetime with scale factor a{t) that is a smooth, 
increasing, unbounded function of t, the kinematic and Fermi speeds of any test particle 
undergoing radial motion with respect to a comoving observer determine the Fermi metric 
tensor element grr at the spacetime point of the particle, via. 



9tt{t,p) = - 




The following corollary now follows from the observations made in the final paragraph of the 
preceding section. 

Corollary 5.1 With the same assumptions as above, the Fermi relative velocity of a radially 
moving test particle at position (r, p) within a Fermi coordinate chart satisfies 

1 1 ''^Fcrmi II < \/^9tt{t, p), 

and can therefore exceed the central observer's local speed of light (c = 1) if and only if 
-9tt{t,p) > 1. 

Returning to the curvature-normalized coordinates, and exploiting the symmetry of this 
spacetime through the killing field d/dx, the kinematic relative velocity may also be expressed 
exphcitly in terms of Xs- From g (r^^pW^, Xp) = g {u'^, X^J and g{Tq^pu'^, r^^pu'^) = -1 we can 
obtain Tq^pu'^, and then find that, 

where 4 = \/a^(4W+T by ^. 

We conclude this section with examples to illustrate the proposition. 



Example 5.1 

a) For Milne universe, — ^i-t (t, /o) = 1 and Fermi coordinates are just Minkowski coordi- 
nates, so the Fermi chart is global, and all Fermi relative speeds are subluminal. 

b) For the de Sitter universe, —grT{T,p) = cos^(i7op), with Hop < tt/2 (see [71 [T2l [13]) 
where Hq is the Hubble constant. The Fermi chart is valid up to the cosmological 
horizon of this spacetime. Thus, all Fermi relative velocities are less than the local 
speed of light. 

c) For the radiation-dominated universe, i.e., for the case that a{t) in ([ij, the Fermi 
chart is global and 

I 2 

-grrij, p)= + Vo- - 1 SCC"^ ^) , 

a 

where cr > 1 is a parameter that depends on p and t. It may be shown that for any 
r > 0, the least upper bound of p is and that \/ —gr-rij, p) f asymptotically as 
p — >■ |t (see [7]). Thus, Fermi relative speeds can exceed the local speed of light in 
this spacetime, but are bounded above by |. 
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6 Lightlike simultaneity and optical coordinates 



As in the preceding sections, let p = (r, 0) be an event of the central observer /3. An event is 
lightlike simultaneous with p if it lies on the past-pointing horismos E~ (which is tangent to 
the backward light cone at the spacetime point p). The vector field, 



d dt d dx d 
^ cM " dSFt dSdx 



a{T) d a{T) d 



a{t) dt a?{t) dx 



(12) 



is geodesic, lightlike, and the integral curve A such that A(0) = p is a past-pointing null 
geodesic, parameterized in such a way that that 5 is the affine distance from p to X{5) (see 
[51 Proposition 6]). Let qg = {ti,xe) be the unique event of /?' n E~ . Then A is the unique 
geodesic from p to qg, and so, using (|12|) we can find a relationship between r, ti and x^- 



1 



dt = 



dx 



1 

W) 



(13) 



From ( 13 ) we see that ti < r, and more generally, it follows from ( 12 ) that t is a decreasing 
function of affine distance S. Since we consider only positive coordinate times, ti > 0, and 
then it is necessary that < < x^max (''')) where 



X^max(T) 



1 



ait) 



dt 



(14) 



is the particle horizon for the observer /3 at p. 

In the framework of lightlike simultaneity, it will be convenient to use optical (also called 
observational) coordinates with respect to the observer /3. Referring to Figure [l] we set the 
optical coordinates of the point qe = {ti,xi) to be (r, (5). From (13), T{te,xi) is determined 
implicitly, and differentiation gives. 



_9t 



a{ti) 



dxi 



air). 



It follows from (12) that. 



S = Siti^Xi) 



ait) 



airiti^xe)) 



dt. 



Differentiating (16 1 and using (15), gives 
air) 



dS_ 
dti 



aite) air) 
— 0- 



aiti) air) aitf ) ' 



86 

dxe 



= air) — (5d(r), 



(15) 



(16) 



(17) 



where a(t) is the derivative of ait). Now using (15l and (17), we may express the Robertson- 
Walker metric in optical coordinates (with respect to (3) in the form 



ds^ = grrdr^ + 2dTd6 =-2 1 



air) l a^te) 
air) 2 a^r) 



dr^ + 2drdS, 



(18) 



where tiir,S) is given implicitly by (16). 



7 Astrometric and spectroscopic relative velocities 

Based on the previous section, we may write the 4- velocity of the radially moving test particle 
with worldline /?' in optical coordinates as, u'^ = T^\q^ + '^gil«f — ('^i '^); where the overdot 
represents differentiation with respect to proper time of /3'. 
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Let p — (t, 0) be the event of /3 from which we measure the velocities. The astrometric 
relative velocity of with respect to u — (1,0) is given by 



_d5 _S 

Vast — — —Sp. 

CLT T 



From (18), (19) and the requirement that g{u'g,u'g) = —1, we obtain. 



Vast — T'^p — 77 

r z 



1 



(19) 



(20) 



There is no upper bound for ||wast|| in the case of a radially approaching test particle (i.e., 
for the case dS/dr < 0) because f can be chosen to be arbitrarily close to zero in (20). 
However, a sharp upper bound for the case of a radially receding test particle is given by 
ll'^astll < — 5Tr/2, where the right side of this inequality is the relative speed, dS/dr, of a 
distant radially receding photon. Since it follows from ( 18 ) that — ^rr < 2 when d(T) > 0, 
we have the following general result. 

Proposition 7.1 In any expanding Robertson-Walker spacetime, the astrometric relative 
velocity of a radially receding test particle is always less than the central observer's local 
speed of light (c = 1). 

The spectroscopic relative velocity, discussed briefly in the introduction, is defined in a 
way analogous to the definition of the kinematic relative velocity given in ( 10 ). However, for 
the case of radial motion, the following equivalent formula, more convenient for our purposes, 
was deduced in [S]: 

V 



- 1 



(21) 



1 



where t", v' are the frequencies observed by it, u^, respectively, of a photon emitted from the 
spacetime point qg. It is clear from (21) that ||wspoc|| must be less than 1. The frequency 
ratio is given by, 

v' _ g(Pg,,0 



where P 



V 5(Pp,") ' ^^^^ 
-djdb is the 4-momentum tangent vector field of the emitted photon. Using 



(18) in (22), we find. 



V 
V 



and thus, applying (23) in (21), we obtain, 



1 



spec 



(23) 



(24) 



f^ + l 

In order to find expressions for the astrometric and spectroscopic relative velocities in 



terms of curvature-normalized coordinates, we make use of (|15|) to obtain 

. _ ar .. 
^~dt. 



(25) 



where we have used the identification, ii = ^ a?{te)xj + 1, which follows from (|3| . Combining 
this last expression with (24) yields. 



f^spcc 



aHr){VxJ + a-Ht,)+Xi 



2 '-^P- 

+ 1 
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Similarly, combining ([25| with ( pO| gives, 



Wast 



a(r) 2o2(t) 



Moreover, combining ( 24 1 with ( 20 1 yields a relationship between the spectral and astrometric 
relative velocities: 

1 +9tt{t, 5) ± \\Ve,st\' 



1 



Wast 



(26) 



grrir, S) T 

where in the case that dS/dr > (i.e., in the case of a receding test particle), the positive 
sign in the numerator and negative sign in the denominator are chosen, and the opposite 
choices of signs are taken when dS/dr < (i.e., in the case of an approaching test particle). 



Now using ( 26 1 we may formulate the following proposition. 



Proposition 7.2 For a Robertson-Walker spacetime with scale factor a{t) that is a smooth, 
increasing function of t, a measurement of the astrometric and spectroscopic speeds of a 
receding test particle relative to the comoving observer determine the metric tensor element 
g^T in optical coordinates at the spacetime point of the particle via, 



9tt{t, S) 



1 



1 



-'spec I 



1 + IK'spccI 



8 Fermi coordinate charts for power law cosmologies 

It was shown in [7] that the Fermi coordinate chart for a comoving observer covers the entire 
Robertson- Walker spacetime, provided the scale factor a{t) is smooth, increasing, unbounded, 
and for all t > 0, d{t) < 0, i.e., for non inflationary cosmologies (with or without a big bang). 

Cosmologies with scale factors of the form a{t) = t"', with < a < 1 fall within this cat- 
egory and have global Fermi coordinates for comoving observers. Included are the radiation 
dominated universe (a — 1/2) and the matter dominated universe (a = 2/3). 

Here we consider scale factors of the form a{t) = t", with a > 1. Power law cosmologies 
with a > 1 have been used to model dark energy, and astronomical measurements have been 
made to support their consideration (see [H]). These cosmologies are inflationary (a > 0), 
and have the additional property that they contain spacetime points from which the central 
observer can never receive light signals, i.e., these cosmologies include cosmological event 
horizons. The x-coordinate at time ts of the event horizon is given by, 



Xhoriz (^s 



dt 



or more explicitly, 



Xhoriz (^s 



°° dt 
t" 



< 



We note that in contrast to the case < a < 1, there is no particle horizon when a > 1, i.e.. 



the integral in (14) is infinite, so that the astrometric and spectroscopic relative velocities 



are well-defined for arbitrarily large ^-coordinates. Let, 

V := {{t,x) : i > and < X < Xhoriz(i)} ■ 

Intuitively, V is the set of all eventually observable events. For < a < 1, V = ]0, +oo[ 
]0, -|-cxd[ represents all spacetime points distant from the central observer. 
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We will show that the set of spacetime points with coordinates in V is a maximal chart 
for Fermi coordinates for a central observer in an inflationary power law cosmology. For that 
purpose, we extract the integral from ([5| and define, 

In geometric terms, Xs{t) is the value of the x-coordinate of the point with t-coordinate ts 
on the spacelike geodesic orthogonal to /3 with initial point (r, 0) on the central observer's 
worldline. With the change of variables, (7 = (a(T)/a(t))^ (with r held fixed), expression (27 1 
becomes, 

where b{t) is the inverse function of a{t), (so that b{a{t)) = t), and. 

It follows from Q that tg < t and that is decreases with increasing proper distance along 
spacelike geodesies orthogonal to the central observer worldline (3. Then (t(t) > 1 and for a 
given initial point (r, 0), a may be used as a (non affine) parameter for this geodesic. 

It was shown in |7j that for a class of scale factors that includes the inflationary power 
laws considered here, the spacelike geodesic ^p depicted in Figure [T] may be parameterized 
as, V'(f) = (^('''j cr)i where cr > 1, and, 

t{r,a)^b(^), (30) 



X(r,a) = ir6(^)^^d.. (31) 

Our strategy to prove that the set of spacetime points with coordinates in V is a chart for 
Fermi coordinates involves first showing that (t, a) are coordinates on that chart. To carry 
this through, we require a sequence of lemmas. 

Lemma 8.1 For a{t) — t" with a > 1, and any t > > 0, 

Xs{t) < Xhoriz(is)- 



Proof. Substituting a(t) = t"' into ( 28 ) gives. 



1 



a(r) 



The substitution x^" — a then gives. 



1 r''' 1 



Xsir)^^l --^==^dx. (33) 
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Integration by parts in ( 33 1 yields 

Xsir) 



ar 



1 

Q-l 



< 



< 



2a _ I 
a-1 



7t= 



da; 



j-l — a 
''s 



a — 1 V t, 



Xhoriz (^s 



Lemma 8.2 For a{t) ~ with a > 1, and any tg > 0, 

lim Xs{t) = Xhoriz(is)- 

T— f +00 



Proof. From L'Hopital's and Leibniz's rules applied to (32 1, we have, 

lim Xs{t) = lim , = = XhorM- 



Lemma 8.3 For a{t) — t" with a > 1, and any t > tg > 0, 



dr 



(r) > 0. 



Proof. For convenience, rewrite (32 1 as Xs{t) — —rr where, 

^ 9{t) 



fir) 



fir) := 
dXs 



1 5-l/2a^^ _ I 



da, and ^(t) :— 2aT^ 



By the quotient rule, — — > if and only if 
ar 



, , _ fir) , f'jr) 
"^'^"^^ 9ir)^ 9'iry 
By Leibniz's rule, the quotient on the right in ( [34| is, 

fir) ( tl~^ 



9'ir) 



a - 1 



t^° 



Since the last term on the right in (|35| is always greater than 1, we have, 

Xhoriz i^s) : 



fir) ^ tl--^ 



g'ir) a- I 



dXs 



(34) 



(35) 



Therefore — — > for any r such that Xsir) < Xhoriz(^s)- The result now follows from 

dr 

Lemma 18.11 
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Lemma 8.4 For a{t) = t"' , the map F : ]0, oo[ x ]l,oo[ — > V given by 

F{T,a) := (i(r,a),x(r,a)), 



where the functions t and x defined by (30) and plL respectively, is a diffeomorphism. 



Proof. Let (is, Xs) G V be arbitrary but fixed. To prove that F is a bijection, we must show 
that there exists a unique pair (ro,cro) G ]0,+C!o[ x ]l,+oo[ such that F(ro,cro) = (is,Xs)- 



From (301, it follows that is uniquely determined by tq and, 

2 



a(To) 
a{ts) 



So it remains only to find tq. To that end, let cf{t) be given by (29). It then follows from 
( pS] ) and ([31]) that 

x(t,ct(t)) = Xs(t). 



Since by assumption, Xs < Xhoriz(^s), it follows from Lemmas 8.2 and 8.3 that there is a 
unique tq > ts such that x(''o, cr(To)) = x((''o,cro) — Xs- Thus, F is a bijection. 

The Jacobian determinant J(r, a) for the transformation F was calculated in [Jj for a 
general class of scale factors including the power law scale factors considered here, and is 
given by. 



2cr 



a(r) 



a(r) 



-\/o' / 1 Vcr — 1 2\/(T J]^ a-\/(T — 1 



a(r) 



dCT 



(36) 



Thus, from (36 ), 



i(T)\/o-(r) — 1 2 71 o'Vo' — 1 



Ad 



(37) 



The first term in the square brackets in ( 37 ) may be rewritten 



a{T)b{a{t,)) 



a(r)V^(r)~l a(i,)2y^^a(r) - 1 ' 
Now, applying Leibniz's rule to (28) and (29) yields, 

a{T)b{a%)) , 1 /"^ 



dxM 



:a(r) 



a^/ (7—1 



d<5- 



Combining (37), (38) and (39) gives. 



Q(T)b(a(ts)) cgx(T) 



(38) 



(39) 



(40) 



Thus, applying Lemma 8.3 in ( [40| , J(r, (T(r)) > for all r. Now given any t > and ct > 1 
there exists a positive tg < t such that (t(t) = (r/tg)^" = cr. Therefore J{T,a) > for all 



Tnere exists a posuive ig <- t sucn tnat (t(t) = (r/tg)^" = cr. Therefore J(T,a) > for all 
(r, cr) , and by the inverse function theorem, _F is a diffeomorphism. 

■ 



To finish the construction of Fermi coordinates, we return to ([9| in the form, 

a{t) 



P = 



U ^a^{r)-a^it) 



At, 



(41) 
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which gives the proper distance along the spaceUke geodesic {ip in Figure [T]) orthogonal to /?, 
from the initial point (r, 0) G /3 to the unique point whose i-coordinatc is tg. The radius pm^ 
of the Fermi slice, Mr, at proper time r of the central observer is obtained by replacing tg 



by zero in (41 1. The result for a{t) = t" is, 



PM. = PM. (a) = "^wU" 
\ 2a) 

which holds for all a > (see [7]). The change of variables, a = {a{T) / a{t))'^ , applied to 
the integral in ( [4l| ) results in the following formula for the Fermi coordinate p, which also 
appears in [7]: 

/ , a(T) r ■ fa(T)\ 1 



It is clear from (43 1 that for a fixed value of r, Pt{<^) is an increasing function of a, and 



therefore has an inverse function, cft{p)- Define, 

^Fcrmi {(t, p) : t > and < p < pM^} , 

and let G'(t, a) (r, p{cr)). Then G is a diffcomorphism with inverse G^^(t, p) = (r, ar{p))- 
Define -ff : V — > Z^Fcrmi by 

H{t,x) :=GoF-\t,x). 

Then is a diffcomorphism. Taking into consideration that x and p are both positive, radial 
coordinates, we can now state the main result of this section: 

Theorem 8.1 For a comoving observer in a Robertson- Walker cosmology whose scale factor 
is a{t) = t" with a > 1, the maximal domain of Fermi coordinates is the set of all spacetime 
points whose curvature coordinates take values in V, i.e., Fermi coordinates extend to the 
cosmological event horizon. The range of Fermi coordinates is Upcrmi • 

9 Comparisons of relative velocities in cosmologies with 
power law scale factors 

Consider a test particle comoving with the Hubble flow, /3'(t') = (t',x), where x > 
is constant. Referring to Figure [ij we have that qg — (isiX) and qi — (i^,x); moreover 
<= il,, = (l'0)and«^= f |^^ = (1,0). 

In ([5|, tg is implicitly defined as a function of (t, x), and similarly in (13), te is implicitly 



defined as a function of (t, x). From now on, it will be convenient to regard not only tg 
and ti as functions of (t, x), but also the four relative velocities. However, it is important to 
recognize that in this context x is a parameter that labels a comoving test particle (with fixed 
coordinate x)i and r is the time of observation by the central observer /3. The relative veloci- 
ties are vectors in the tangent space of the point p = (r, 0) for test particles with coordinates 
{ts, x) in the case of the Fermi and kinematic relative velocities, and with coordinates (ti, x) 
in the case of the astrometric and spectroscopic relative velocities. Since all the velocities are 
proportional to Sp and in the same direction, we will find expressions only for the moduli of 
the relative velocities. 

In ^TU\ , comoving test particles in cosmologies with a variety of scale factors were studied. 
These include power law scale factors of the form 

a{t) = t" 

with < a < 1. Here, we relax that restriction and allow a > 1. 
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In preparation for the study of the relative velocities, it is convenient to define a parameter 



V = v{t, x) := a(r)x = axr" ^ (44) 

This parameter will be useful in the description of the relative velocities because their moduli 
depend on (r, x) by means of v. In (44), the overdot represents differentiation with respect to 
r, and v is the Hubble speed of a comoving test particle with curvature-normalized coordinates 



9.1 Spacelike simultaneity 

For notational convenience in this subsection, let. 



Cq. 



2a 



It follows from (42) and (45 1 that for any a > 0, 



(45) 



(46) 



where pM^{a) is the proper radius of the spaceslice Mr for scale factor a{t) = t". 

From (|6|, it follows that Xsmax(''') — +oo for a > 1, and so for this case, x ^ have no 
upper bounds. In contrast, Xsmaxl^) = Ca is finite and v is bounded by Usma: 
for < a < 1 (see [10]). 

By ([5]) we have, 



1-a 



2F1 



1 1-a 1 + a ft 



2' 2a ' 2a ' \ t 



2a\ 



„ a — I 
= Cq H V, 



(47) 



where 2fi(-, ■; S ') is the Gauss hypergeometric function. 



Define the function Fa{z) := 2 = 2^1 ( 



1 l-g . 1+a . 

2 ' 2a ' 2a ' 



a 7^ 1^11 It is bijective and by (47), 



2:^) where < z < 1 and a > 0, 



(48) 



withG„(«) := {F-^ {Co, 



)) where the superscript ^ denotes the inverse function. 



Using techniques analogous to those used in 10 , from (48) we find: 

Proposition 9.1 The kinematic and Fermi speeds of a comoving test particle relative to a 
comoving central observer in a Robertson-Walker cosmology with scale factor a{t) = and 
a > 0, a ^ 1 are given by 

^kinll = yr^cFR, (49) 

and 



\\VFC 



a- 1 



(l-Gi"(«))^;, 



(50) 



where v is the parameter given by (44 1. Moreover, from (49), (50), and taking into account 

lim ||t'kin|| = 1 



(46), we have, 



and 



where Vg 



lim 



Wpormi I 

j^Ca ifO<a<l, and Wsmax 



Ca 



(51) 



-00 if a > 1. 



II The case = 1 corresponds with the Milne universe and it is studied in | 10 |. 
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a=1.14 



a=100 




Figure 2: Instant comparison of the moduli of kinematic (dashed), Fermi (soUd), spectro- 
scopic (dot-dashed) and astrometric (dotted) relative velocities with respect to the parameter 
V = axT"~^ , in a universe with power scale factor a[t) = for a > 1. 



It follows from (51) that the limiting Fermi speeds exceed 1 only for < a < 1. More 

< 1 for any comoving particle when a > 1, i.e., 



generally, it follows from ( |50| that Hwfc 
there are no superluminal Fermi velocities for inflationary power law scale factors. Examples 
are presented in Figure [2] 



9.2 Lightlike simultaneity 



IS 



From (14), it follows that ximax{T) — +oo for a > 1, and so for this case, x ^nd v have no 
upper bounds in the framework of lightlike simultaneity. In contrast, x^max(T) — 
finite and v is bounded by w^max := for < a < 1 (see [TO]'). 
By PI 



tl{T:X) = ( 1 - ^^jT^" 



(52) 



Using techniques analogous to those used in 10 , from (52) we find 



Proposition 9.2 The spectroscopic and astrometric speeds of a comoving test particle rel- 
ative to a comoving central observer in a Robertson- Walker cosmology with scale factor 
a{t) — t" and a > 0, a ^ I are given by 



1- + 



^spcc I 



1+1 



(53) 



and 



ll^astll = f 1- (l+ 









a - I ( 


f) 


H V 




a \ 



a — 1 



a 



(54) 



where v is the parameter given by (44). Moreover, from (53) and (54) we have 



lim 



i^spcc I 



= 1 



and 



lim llwa 



1 



where w&nax = ifO<a<l, and vi^a.^ = +00 ifa>l. 



(55) 



16 



It follows from (55) that the limiting astrometric speeds do not exceed 1. Spectroscopic 
and astrometric velocities are also represented in Figure [2] 



Remark 9.1 For "retarded comparisons" (described in Section [3]), the kinematic and Fermi 
relative velocities of u'^ must be calculated relative to m* = ^ — (1, 0), i.e., the 4-velocity 
of P ai p* = (t*,0). By r* = r* {tfXT,xt),Xi) is defined implicitly from 



a{r*) 



1 



At- 



(56) 



where ti{T,Xi) is given implicitly by (13 1. 



10 Concluding remarks 

We have found general expressions for the Fermi, kinematic, astrometric, and spectroscopic 
velocities of test particles experiencing radial motion relative to an observer comoving with 
the Hubble flow (called the central observer) in any expanding Robertson- Walker cosmology. 
Specific numerical calculations and formulas were given for cosmologies for which the scale 
factor, a(t) — t", including both inflationary (a > 1) and non inflationary universes (0 < 
a < 1). These include the radiation-dominated and matter-dominated universes, and models 
for dark energy (see [H]). 



It follows from Propositions 5.1 and 7.2 that in principle, knowledge of either pair of the 
relative velocities for moving test particles at each spacetime point uniquely determines the 
geometry of the two dimensional spacetime via ([T]) and (18), and therefore the scale factor 



a{t). Since the affine distance (i.e., the optical coordinate S) can be measured by parallax, 
and the frequency ratio can be found by spectroscopic measurements, the astrometric and 
spectroscopic relative velocities can, in principle, be determined solely by physical measure- 
ments, and so, they could confirm or contradict assumptions about the value of a{t) for the 
actual universe. 

Of the four relative velocities, only the Fermi relative velocity of a radially receding test 
particle can exceed the local speed of light of the observer (i.e., be superluminal) , and this is 
possible at a spacetime point (t, p), in Fermi coordinates, if and only if ^grT{T,p) > 1. 

Under general conditions, the Hubble velocity of comoving test particles also become 
superluminal at large values of the radial parameter, and this is taken as a criterion 
for the expansion of space in cosmological models, and for the actual universe. By way 
of comparison, the Fermi relative velocity has both advantages and disadvantages to the 
Hubble velocity. For comoving particles, both velocities measure the rate of change of proper 
distance away from the observer with respect to the proper time of the observer. But for 
the Fermi velocity, the proper distance is measured along spacelike geodesies, while for the 
Hubble velocity the proper distance is measured along non geodesic paths. In this respect 
the Fermi velocity is more natural and more closely tied to the observer's natural frame 
of reference, i.e., to Fermi coordinates in which locally the metric is Minkowskian to first 
order in the coordinates. In addition, the notion of Fermi relative velocity, along with the 
other three relative velocities discussed in this work, are geometric and may be calculated in 
any spacetime, while the Hubble velocity is specific to Robertson- Walker cosmologies. The 
example of the Milne universe, discussed in the introduction, illustrates the limitations of the 
use of superluminal Hubble velocities as indicators of expansion of space. 

Cosmological models with a scale factor of the form a{t) — for a > 0, provide test 
cases for the use of the Fermi relative velocities of comoving test particles for understanding 
of expansion of space in general, and the effect of inflation and event horizons, in particular. 
Fermi coordinates are global in the non inflationary case, i.e., for < a < 1 (see [7]), 
and maximal Fermi charts were shown in Section [s] to extend up to (but not include) the 
cosmological event horizon, for the inflationary case with a > 1. Perhaps surprisingly. 
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superluminal relative Fermi velocities of comoving particles exist only for the non inflationary 
cases, < a < 1. Although not discussed in this work, the situation for the de Sitter 
universe is analogous. There, the Fermi chart is valid only up to the cosmological horizon (see 
[Zl [El [13] ) , and Fermi relative velocities of comoving test particles are necessarily subluminal. 
One might expect that accelerating universes (in the sense that a > 0) would allow for greater 
relative velocities, rather than impose lower speed limits. 

Some insight into this phenomenon comes from the geometry of the simultaneous space 
slices, {Mt}, and in particular, the dependence of the proper radius, pm^^ on a. It was 
shown in [7] that for < a < 1, superluminal relative Fermi velocities exist because "there 
is enough space" in the sense that the proper radius pm-^ of Air satisfies the condition 
PMt > T- For < a < 1, Fermi speeds increase with proper distance from the central 
observer, reaching their limiting value pm^/t asymptotically. 

It follows from (42) that PM-ri^t:) decreases monotonically to zero as a — )• +cxj2] This 
means that the spacelike geodesies orthogonal to the central observer's worldline reach the 
big bang, at t = 0, in a proper distance that decreases with a. Since p>i^/t < 1 for a > 1, 
one might expect, on this basis, the disappearance of superluminal Fermi relative velocities 
in the inflationary case. We note, however, that in the inflationary cases, maximal Fermi 
speeds are achieved at proper distances less than pm^- 

Does space expand in the Robertson- Walker cosmologies with power law scale factors? 
An affirmative answer may be given in the following sense. Let a be fixed; for any comoving 
geodesic observer, the Fermi space slices of r-simultaneous events, {Air}, that foliate space- 
time up to the event horizon (for a > 1), or the entire space-time (for < a < 1), have finite 
proper radii, pm^, that increase with the observer's proper time. 
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